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Abstract : the relationship between the tight-binding
Hamiltonian of the two-dimensional honeycomb
lattice of carbon atoms (graphene) with nearest

neighbour hopping and the Hamiltonian of planar
quantum electrodynamid@ED ,_, ; for massless

spinors is briefly reviewed. The remarkable and
observable 1-loop quantum effects due to the preserjce
of constant and homogeneous electric and magnetic
field are discussed both at zero and finite temperaturg
and density. The Hall conductivity and the minimum
guantum conductivity, as predicted by canonical
guantum field theory, turn out to be perfectly

consistent with the measured values for graphene

C.G.Beneventano, P.Giacconi, E.M.Santangelo, R.S

The Quantum Hall Effect in Graphene Samples and
the Relativistic Dirac Effective Action

J. Phys. Math. TheoA40, F435-F442 (2007)
Planar QED at Finite Temperature and Density: Hall
Conductivity, Berry's Phases and Minimal
Conductivity of Graphene, ibid. in the press (2009)
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Graphene : Electrons in Flatland

Truly 2-dimensional Carbon : Unigue Electronic Properties

mono- and bi-layer samples recently obtained in laborator

e K.S. Novoselov, A.K. Geim, S.V. Morozov, D. Jiang,
M.l. Katsnelson, I.V. Grigorieva, S.V. Dubonos and
A.A. Firsov, Nature 438 197 (2005)

e Y. Zhang, Y-W. Tang, H.L. Stormer, P. Kim,
Nature 438 201 (2005)

e K.S. Novoselov, E. McCann, S.V. Morozov, V.I. Falko,
M.l. Katsnelson, U. Zeitler, D. Jiang, F. Schedin, A.K.
Geim,Nature Physics 2, 177-180 (2006)

Unexpectedehaviour of theHall Conductivity
for mono-layer and bi-layer Graphene samples






EFFECTIVE THEORY FOR CHARGE CARRIERS

guasiparticles (electrons) and quasiantiparticles @)ol¢
MASSLESS Dirac field ir2+1 dimensions

reducible Clifford representation and tvilavours

Reciprocal Lattice ( g; andg, rhombic sites )




Effective Model
Gusynin-Sharapov-Carbottént.J.Mod.Phys. B21 (2007)

®A
OB

any A atom at positiom = a; n; + as ns (n1 andnsg integers) is
connected to its nearest neighbours on B sites by the thoterse

_ 1 _ 1 — 1 2 — 5, —
01 =3a1 —zaz O2=za1+ 3az 03 =—01— 02

we start with the simplest tight-binding description forlwan
orbitals in terms of the Hamiltonian operator

= —g Z a;rl,o. bn+5’a + h.c.
n,5,a

where the anticommuting Fermi operators

Gn,o bn—i—(s,cf

act for electrons with spigr =T, |




In the momentum representation the Hamiltonian reads

H—Z/ (;’; T (k) [H(K) — 1] To (K)
BZ

(o)

where the integration runs over the extended rhor@hicouin Zone

while | have introduced the spinors

0
H(k) =

b(k)=—2 Y exp{ik-8} = — B(k) exp{ip(k)}
0

and additional term with the chemical potential € R




QED, , ;, description of graphene

graphene contains 2 atoms per unit cellffavours]
the spectrum of quasiparticles excitations has 2 branchésids]

with dispersion relation| Ei(k) =+ E(k)

E(k):s\/14—4008%]%0,(cos%kxa+cos§kya>

a = |ai| = |az|

H (k) vanishes at the 6 corners of the hexagonal Brillouin Zone
butonly 2 are inequivalentfor example

ky =+ (3:17/5,0) 6 (ki) =0

Expanding around them as

¢kt +p) = hvp(pzs F ipy)

wherevr = eav/3/2h ~ 108 m/s is theFermi velocitywe
eventually obtain the Hamiltonian densities

Hk+ +p) = Hi(p) = hvp (L o1pz + o2py)

D.P. DiVincenzo and E.J. Mele, Phys. Rev28(1984) 1685
G.W. Semenoff, Phys. Rev. Let&3(1984) 2449




| use two 2-component spinors at tke points

Y, (ki +p) =9,(p)

~

Yo(k-+p)=v,(p) = 5 ()
c y,

two 2—dimensional Hamiltonians for the two inequivalent
Irreducible Clifford Representationsand T

X,

H_ = Z/DC (;17:)92 . (p) [H-(P) — ] P, (p)

the Dirac ConeD (' is specified by the energy cutoff

B ﬁ’UF 47
—_— _— e — ~ 2.
w = hvrA/ p » 73 e/ m/3 33¢

A= X2 a°|unitcellarea | B = (2n)*/A|BZ area




Magnetic fleldatT =0 = p

Natural unitsh = c=vp = kg = 1)

Massless Dirac fields in th@xy—plane for
1 flavour andl irreducibleClifford representation

Uniform magnetic fieldB > 0 and charge-e < 0
Landau asymmetric gauge
eA, = (0,0,eBx) with B >0

,70

From Dirac equation and the stationary ansatz

(i + e )V (t,x,y) =0 U(t,z,y) = eI VE(x,y)

Spectral resolution of the self-adjoint Dirac Hamilton‘an

Hyp = [i0g02 — (10y + eBx)o1 | Ye(z,y) = 0

1

vele ) =

/ dpy ¥E, p, (z) €VPy
— OO




The lowest Landau band

Dimensionless coordinates

( Landau band coordinate )

§ = @(x—p—;):x@—b

e

Zero Mode E=0

~ JeB [ 1 L 1.
= 2W[O]Wep{ypy 76}

Orthonormality relations

/d% Ul (r) o p(r) = 5(b—b)

Uniform probability densityfor the completely filled Landau band

eB B eB
27 hc

Landau degenerager unit area




Symmetric Normal Modes E==xF, =X+V2neB

+
v (¢, r)

X (27r)_1/4 ¢n(§) CcoS Qn(J:l:)
Pn—-1(&) Sin@éi)

6n() = (20 nivar) " e €/1 Hu(e/V)

Hermite functions

tanﬁﬂ(bi) — T FE, ne N

Orthonormality and closure relations

(t7 I') fYO \Ij’fﬁj:b) (t, I‘) = 6n,n’ 5(b . b/)

10
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Effective Action at T' # 0 # u

Turn to Euclidean space with metgg,, = (+,+, +)

p=123  {7,,7,) =201
Ty = (x1,22,23) = (r,7) = (x,y,7)
A, = (A A3) = (0,Bz,—iv/e)
O<7<B=T"7"1 v=p+iyeC
To describe graphene use massless Euclidean Dirac operator
D =01(—i10z) +02(—10y —eBx) + 03 (—id+ + iv)

Euclidean Effective Action: Grand Potential in Statiski®eechanics

B =1nZ = In det [ (1 + eA) ap ]

Anti-Periodic boundary conditions to ensure Fermi-Direatistics

Zeta-Function Regularisation

d — &
InZ = — = Te(5Pp) JS:O
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Spectral resolution of the Euclidean Dirac operator
with generalized.? —Integrability and
Anti-Periodicity : Matsubara angular frequencies

we=20+1)7/0 (eZ

Ansatz for the eigenfunctions

Ve,p ()
Vv 23

U (x,y,7) = iﬁ exp{i(Twe+py)}

(JDE_)‘) W\ (iE,y,T) =0

Spectrum has two partsAsymmetric vs Symmetric
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Asymmetric Spectrum A = Ay Chiral Modes

Ay = wp—v+ipeC Vi eZ

eB
Uy polr,r) = \4/ —— 0 —%eB(x —p/eB)Q}

Normalization is given by

B
/ dT/dQT\IJTE,p,O (r,7) ¥, q0(r,7) =64, (p—q)
0

Degeneracyer unit area just like in the zero temperature case

B 00 5
/ d’T/ dp‘\Ifg,p’o(I',T)‘
0 — 00




e Symmetric Spectrum A = LA, , Normal Modes

= /A +2meB neEN l€Z

Normalized eigenstates are given by

\Ifeil% (r,7) = V2eB exp{iTwy +ipy} (4nB) 2

1 tidn()
1 ool :
X ( +|K/£7n| ) [ /{anbn—l(g) ]

Ryn=(2B)"% (Agn F Ar)

Degeneracy

/dT/ dp‘\Ifgz% r7‘2=§

14



Euclidean Effective Action
for a unit cell of area A

e The contribution td2 from Symmetric Spectrum
IS (—reqgularisation prescription independent viz.

15
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e The contribution td2 from Asymmetric Spectrum
A(a) = —(d/ds) Ca(s,a)],—g

eZFz'WS

- 1
CA(S’a)EZJ(quHS T {ra )

15

L 1 <
27T(u+w) |By| <

+

1
i+ = 5

The right hand side involves the sum of two serigs

representations of Hurwitz Zeta functiof&, q)
which are well defined if and only if

Jes > 1 By # £7(2n —1) (neN)

Calculation yields

ln(em%—e_m) T a




The(—reqgularization prescription

e:Fz'ﬂ's

gives rise to ghase of the determinant

A relation can be established between
phase prescriptionV sign of chemical potential
driving to a discrete 2-valued parameter

1. Usual prescription

A(a) — In 2 cosh ma =

2. Unusual prescription

A(a) — In 2 cosh ma =

kr=—1

17
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Result for a real chemical potential [a = Bup/27, v= 0]

C.G. Beneventano, P. Giacconi, E.M. Santangelo, R.S. (2007

gl eB
A 2

n Zln [(1 +ezm—5En) (1 +e—2m—3Enﬂ }
n=1

{%/—iﬂ\/ﬂ—l—ln 2 cosh %ﬁ#+2b§(—%)

Average fermion density A BN = (0Q/0u) s

— eB
N.(8,1) = S { tanh 161 + nsgn(u)

e—27ra—BEn

Average charge densist finite temperature and fermion density

Jo(B, ) = —eN:(B,p)
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Hall Current Density

At T' | 0 all the Landau bands completely filled up th theth
n < pu?/2eB < n+1

1. Without electric static Hall field £, = E, = 0

e?B

ﬁlimwjo(ﬁ,u)Z B [n+ 21+ k)] sen(n)

Expedient : A Lorentz Boost generates the Electric Field

E,=0 E;/B'=tanhn, ~ vy/c

2. With the electric static Hall field J/ (3, 1) = 0

2107
- e“‘E,

[n+1(1+k)]|segn(p)

Hall conductivity (< n) for + with two flavours (spin)

(n) _ 2¢2

Ogy = 7 [n+%(1+’{)]sgn(ﬂ)

What about the Graphene Reducible RepresentatignT ?
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Our result in plot

Opposite Phases (measured in mono-layer)

12

2eB

sign(u)

2

2eB

sign(u)




Large Gauge Transformations

Grand Potential per unit cell
with a complex chemical potential

2ma = Bu +iBy Byl <m

1519/ eB
= T [A@+S(a,b)]

Invariance under Large Gauge Transformations
U(r,7) — W(r,7) exp{ir (2my/0)}

leave untouchedntiPeriodic Boundary Conditions

The Grand Potential is Invariant under LGTSs

Q(B,v) = Q(B,v + 2miy/B) (VyeZ)

21



Rotation of the Spinor Zero Modes

Invariance under Large Gauge Transformations is
respected by —reqgularization for both » = + 1

It must be so for topological reasons : LGTs do retai
AP Boundary Conditions and Fermbirac Statistics

Chiral Modes from the Asymmetric Spectrum are
eigenstates af; with eigenvalue+1 so we have

Uy po(T,r) — exp {%03(27)7'} Uy po(T, 1)

As 7 = [J spinors are rotated By : it follows that

7B = 2w Is a4m—rotation around the magnetic fig

Rotation Invariance under4ar—Angle of the Chiral
Modes just corresponds to the Large Gauge
Transformations Invariance of the Grand Potential

22



Chern—Simons Action

Zero Temperature Limit 7" | 0 or 3 — oo of the
Chiral Modes contribution

eB

A (s + 1) (g +1v) sgn(p)

—lweget Qzy(T [0)=0
+ 1 we find instead

B
(T 10) = A (u+ i) sgn(p)

remember ieAs = u +ivyandFi, = B so that

2
_ T10 e“B . y
A Q70 ! e iAssgn(p) = o’ F,, A,

Abelian Cherr-Simons Lagrangian Density

23



Electricfieldat 7' =0 = u

Exact solution of the Dirac equation : choose

Electric fieldE = (£, 0) andNikishov gaugechoice

Ay =0 A, = Bt A, =0 (E>0)

Time Dependent Massless Dirac Equat|ion

[0y 01 + (10 + eEt)ioy — 0y 03| ¥ =0

U(t,x,y) / dp/ dk eW“ky\I!(t D, k)

P = Py k= py

¢ =(eFt—p,)/VeE )\—py/eE

24
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If we write

X(t,p, k)

we obtain the coupled differential equations

{Ivf(t,p,k): [ @/(t,p,k) ]

ik =vVeE (ids + &) X

VeE(—idg—l—f)gZ:ik%

Then we can write

ix = (—ide + &) §/VA (A#0)

(dZ+EE+X+i)p=0

(ide + &) x =0 = (—ide +&) @

the general solutions can be expressed in terms o
two different sets of linearly independent solutions
involving theParabolic Cylinder Functiond,,(z)




The Outgoing Spinor Set

\/jexp{ ip-r— 2w}

[ D—'L)\/Q( ) ]
5 (i —=DVAD_;5/2-1(2+)

\/jexp{ ip-r— 2w}

y [ 5 (L+D)VAD 5 2-1(2-) ]
Dixjo(z-)

z+ = (1+4i)€é = (1+i)[wrt—-sgn(pz) /7]

P2
wE = Vel =
el

26



A>0

27

The Incoming Spinor Set

[2

% (1— i)\/XD—iA/2—1(_ Z4)

X

EER

D_ix/2 (—2+)

L oaner1/2 —wasa g2

N
o0
/ p—iN/2 e—2332:|:2z’3:(1—}—z’)§ d

O

argz "2 =\/2 forz <0



Normalisation is fixed in such a way to obtain
Uniform Probability Density on the whole Sample
this leads to thé&lectric Degeneracy Factor

el +

i(t,r)upi(t,r) — o zvpi(t,r)vpi(t,r)

as well as tadOrthonormality and Closure Relations

dru r)up+ (t, )—%5(13 q)

/
fare F i

27
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Physical Meaning of the Spinor Solutions

Eigenstates of Momentum and Charge
To Understand the Physical Meaning of the
Spinor Wave Functions it is
Necessary to Discuss All the Asymptotic Regimes

1. Weak FieldJ High Transverse Momentum

A>1 VneR

2. Strong FieldJ Low Momenta

A< 1 n<1

3. Low Transverse) High Longitudinal Momenta

A<l >l p: < eE < p?




1. Weak FieldJ High Transverse Momentum

A>1 VneR

Overall exponential damping factor

exp{ — % A}

which rapidly drives to zero the spinor sets

In the limit of a null electric field
E — 0O

all spinor wave functions do vanish

A continuous matching with the free field
plane waves spinor solutions never occurs

The spinor solutions
upi(t,r) vpi(t,r)

are truly non-perturbative Vp € R?

30
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2. Strong FieldJ Low Momenta
A< 1 n <1

Stationary Spinor Solutions foi + p2 < eE

eE , 1
Up, 4 (r) “J’V'§%'6XP{EI)'T} [ 0

3. Low Transverse’ High Longitudinal Momenta
A<l >l & pPP<eE<p?

Leading Asymptotic Behaviour far— +oo

1 el
0 2T

Up + (E,1) ~ e tPT—3iE (1) [

Positive Frequency £2(t) describes outgoing
guasi-particle of momentum and charge-e




32

Quantized Spinor Field
U(t,r) = /dp {apiupi(t,r) —I—bLi’Upi(t,r)}
Canonical Anticommutation Relations
{apd, agi} =J0(p—q) etcetera

Current Density Operators

J:(t,r) = (—e)/dr U (¢, r)o3W(t,r) :

Jy(t,r) = e/dr W (t,r)oaW(t,T) :

1-quasiparticle (electron) state| k + ) = a;f(i 10)

4e?

(Jelt, )iz ~ B

for All the Dynamical Regimes




Our result in plot

£
a3
a3
=
=
S
S

4,000 8,000 12,000

p(em2V-1 s

Graphene Minimum Quantum Conductivity
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List of wrong theoretical predictions
using the Kubo formula and known as
The Mistery of the Missingr

A.W.W. Ludwig, M.P.A. Fisher, R. Shankar, and G.
Grinstein,Phys. Rev. B 50, 7526 (1994); K. Ziegler,
Phys. Rev. B 55, 10661 (199'8hys. Rev. Lett. 80,
3113 (1998); V.P. Gusynin and S.G. Sharapeiws.
Rev. B 66, 045108 (2002)Phys. Rev. Lett. 95, 146801
(2005); M.I. Katsnelsonkur. Phys. J. B 51, 157
(2006); N.M.R. Peres, F. Guinea, and A.H. Castro
Neto,Phys. Rev. B 73, 125411 (2006); J. Tworzydlo,
B. Trauzettel, M. Titov, A. Rycerz, and C. Beenakke
Phys. Rev. Lett. 96, 246802 (2006); P.M. Ostrovsky,
|.V. Gornyi, A.D. Mirlin, Phys. Rev. B 74, 235443
(2006); S. Ryu, C. Mudry, A. Furusaki, A.W.W.
Ludwig, cond-mat/0610598; L.A. Falkovsky and A.A
Varlamov, cond-mat/0606800; K. Ziegléthys. Rev.
Lett. 97, 266802 (2006)Phys. Rev. B 73, 245411
(2006); J. CsertiPhys. Rev. B 75, 033405 (2007)
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Effective Action and Pairs

To fix completely all normalisations and degenerac
It is mandatory to start from
the Euclidean formulation at finité

= o1 Vo= 03 V3= 02
ixzg =71 € |0,0]
eA, = (0,0,e€x + iv) Ag = iA3

Euclidean Dirac Operator E=—1iF

De = (i0- — eEx — iv) 09 + 10, 01 + 10y 03

Fourier Decomposition of the Wave Function

\ig(f, k)
V213

Matsubara frequencies

exp{iTw + iky}
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Spectrum and Degeneracy

Ao =k Aiom = £V k2 + 2eEn

n=1,...,00 keR (VO e Z)

e

Z \Ijnkg 44 y7T)\Ij’rL,k:,€ (:U7y77-) — m

= —o00

Euclidean Effective Action ( Grand Potential )

_((3/2) 3/2 £—0
- 4m2,/2 (c€) — Y

Nota Bene :
The Effective Lagrangian ison-perturbativeand
does not dependpon Temperature and Density
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Turn back to the Minkowski space-time by means of
E = —1iE

Effective Lagrangian for f Fermion Species

oI\ 32
cie) = 1ogs (50) 0+

Vacuum Persistence Amplitude
(Oout|in0) = exp {% Ac(ty — t;) E%(E)}

Probability of Pair Production (Schwinger Formula)

Ppair =1 _eXp{_%A(tf _ti) %mcg/f[f(E)}

O(1) for strong fieldsv 10 = 10? Tesla

Experimental Device for a Test on Graphene
of the Celebrated 1951 Julian Schwinger Formula
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Conclusions

Astonishing agreement between measurement
of the Hall conductivityfor Graphene Samples

andour theoretical predictionsased upon the
(—function Phases of the Dirac Determinant

Our Solution of théMistery of the Missingr for
theZero Point Minimum Quantum Conductivity

Hint for the First Experimental Test of the Famoug
Schwinger Formula for the Pairs Production

Graphene : Extraordinary Laboratory for testing
the Basic Principles of Quantum Field Theory

Ok day m’gﬁb i this is womdroms strange”

AP A ROMANCE ° L A
OF MANY DIMENSIONS P

e LRrrETTIIANE

aaaaaaaaa
!!!!!!!

“Fie, fie, how franticly I square my talk!™




